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In this paper we ﬁnd the fully gauge invariant cosmological perturbation equations in braneworld 
teleparallel gravity. In this theory, perturbations are the result of small ﬂuctuations in the pentad 
ﬁeld. We derive the gauge invariant ’potentials’ for both geometric and matter variables. In teleparallel 
gravity, pentad perturbations can only contain scalar and vector modes. This is in contrast to the metric 
ﬂuctuations in general relativity.
© 2015 Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.95
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1271. Introduction and notation
The idea that some hidden extra dimensions exist in our space-
time, dates back to the pioneering works of Kaluza and Klein [1]. 
More recently, the so-called ‘Braneworld’ models have attracted 
much attention in an attempt to explain various theoretical dif-
ﬁculties such as the Hierarchy problem [2,3] and the origin of 
cosmological inﬂation [4,5]. One of the most interesting of these 
models from a cosmological point of view is the Randall–Sundrum 
single brane model (RSII). This model has a single positive tension 
brane embedded in an inﬁnite AdS bulk. The bulk is assumed to 
be empty except for a cosmological constant and ordinary matter 
is conﬁned to the brane. At low energies the gravity is localized on 
the brane via the curvature of the bulk and the standard 4D grav-
ity is recovered on the brane, however at high energies the gravity 
‘leaks’ into the bulk which leads to the modiﬁcation of the stan-
dard general relativity [6]. Various aspects and properties of this 
model has been studied extensively in the literature; for example 
see [7,8].
On the other hand, when studying any cosmological theory, a 
lot of information can be obtained by analyzing the behavior of 
cosmological perturbations and comparing it to the current ob-
servations of the Cosmic Microwave background and large scale 
structure data. This task has been done in the context of brane 
cosmology by various different authors [9]. As in the standard 4D 
gravity of general relativity, studying the braneworld cosmological 
perturbations is done by considering two manifolds: A background 
E-mail addresses: a.behboodi@stu.umz.ac.ir (A. Behboodi), knozari@umz.ac.ir
(K. Nozari).http://dx.doi.org/10.1016/j.physletb.2015.09.031
0370-2693/© 2015 Published by Elsevier B.V. This is an open access article under the CCFRW and a perturbed ‘physical’ manifold. Perturbation of a quan-
tity then deﬁned by determining the difference between its val-
ues in the actual physical spacetime and the background reference 
manifold. The metric perturbations in GR can not be uniquely de-
ﬁned, but depend on the choice of ‘gauge’. A gauge essentially can 
be regarded as an identiﬁcation map which corresponds spacetime 
points in the two manifolds. Making a different choice of gauge, 
may result in the change of the values of the perturbation vari-
ables. It may also lead to un-physical i.e. not real perturbation 
modes.
The way around this problem is to work with purely gauge in-
variant equations. This means to ﬁnd combinations of perturbation 
variables that remain invariant under a change of the identiﬁca-
tion map. This method, ﬁrst introduced by Bardeen in [10], has 
the advantage of involving only real unambiguous physical quanti-
ties. For a comprehensive review of the gauge invariant theory of 
cosmological perturbations in general relativity and its applications 
in inﬂation theory and computing the spectrum of the cosmic mi-
crowave background radiation see Refs. [11–14].
General relativity, while highly successful in explaining cosmo-
logical observations, is not the only viable theory of gravity. More 
importantly some of its problems like the singularity problem and 
the issue of the uniﬁcation of fundamental forces led people to 
try and modify or generalize it. Teleparallel theory of gravity ﬁrst 
introduced by Einstein [15] in an attempt to unify gravity with 
electromagnetism. This theory in its general form is basically the 
gauge theory for the translation symmetry group [16]. The theory 
possesses a torsion ﬁeld which can be regarded as the translational 
ﬁeld strength corresponding to the coframe ﬁeld [17]. Generally 
the Lagrangian of this theory lacks Local Lorentz invariance. Restor-
ing this symmetry mean imposing some restrictions on the form 128
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65 130of the Lagrangian which results in a theory which is dynamically 
equivalent to general relativity and is usually called the teleparal-
lel equivalent of general relativity (TEGR) in the literature [18,19]. 
Theleparallel gravity and its extensions [20,21] has generated re-
newed interest in recent years, in the hope that it may provide 
solutions to some of the cosmological problem like the origin and 
the nature of the dark energy [22,23]. It should be stated here that 
both teleparallel gravity and general relativity can be regarded as 
special cases of a more fundamental gauge theory of gravity called 
Poincare gauge theory which contains both torsion and curvature 
as translational and rotational ﬁeld strengths respectively [24]. It 
has been shown that a teleparallel setup naturally arises from the 
low-energy effective ﬁeld theory induced on D-branes, described 
by a Yang–Mills theory on a ﬂat noncommutative space which can 
be regarded as the low energy limit of string theory [25].
In teleparallel gravity one considers a set of n linearly indepen-
dent vectors eı = eμ i∂μ which form a basis in the tangent space on 
every point of the manifold. The dual of this basis ϑ i = eiμdxμ are 
the coframes. The dynamical variable in the TEGR theory are eiμs, 
called the tetrads (or pentads in 5D) and they relate anholonomic 
tangent space indices to the coordinate ones. The spacetime met-
ric is not an independent dynamical variable here and is related to 
the tetrad through the relations
gμν = ηi jeiμe jν, (1)
ei .e j = ηi j (2)
The inverse of the tetrad is deﬁned by the relation eμi e
j
μ = δ ji .
Teleparallel geometry, T4 is deﬁned by the requirement of van-
ishing curvature. In the special case of TEGR the spin connection 
of the theory is also assumed to be zero. This assumption is usu-
ally called the absolute parallelism condition and by imposing it 
the connection of the theory will be the Weitzenböck connection 
deﬁned as [30]
ρμν = eρi ∂νeiμ (3)
which unlike Levi-Civita connection is not symmetric on its second 
and third indices. The curvature of this connection is identically 
zero and the torsion tensor is
T ρμν ≡ eρi (∂μeiν − ∂νeiμ). (4)
Contorsion tensor which denotes the difference between Levi-
Civita and Weitzenböck connections is
Kμνρ = −12 (T
μν
ρ − T νμρ − Tρμν) (5)
and the superpotential tensor is deﬁned as
Sρ
μν = 1
2
(Kμνρ + δμρ T ανα − δνρ T αμα). (6)
In correspondence with Ricci scalar, one can deﬁne torsion scalar
T = Sρμν T ρμν (7)
Recently, braneworld models in the context of teleparallel grav-
ity has been studied and its setup and fundamental equations 
has been derived [26,27]. It is understood that the RS setup in 
TEGR is dynamically different from General Relativity. This fact has 
motivated the authors to study the dynamics of cosmological per-
turbations in this setup. In this paper, by perturbing the coframe 
components (or pentads in 5D), we present the fully gauge invari-
ant cosmological perturbations equations in braneworld telepar-
allel gravity. Unlike the metric perturbation in general relativity 
which contains scalar, vector and tensor modes, pentads can only contain up to vector perturbations. The tensor part of the per-
turbation spectrum in teleparallel gravity originates directly from 
the contorsion tensor, which is the difference between Levi-Civita 
connection of general relativity and Weitzenböck connection of 
teleparallel gravity. As stated, to make the perturbation equations 
gauge invariant, one must ﬁnd gauge invariant combinations of 
perturbation variables and rewrite the equations in terms of these 
parameters. These combinations in braneworld teleparallel gravity, 
in analogy to the Bardeen potentials of general relativity, has been 
derived for both geometric and matter perturbations in the fol-
lowing sections. 5D models based on teleparallel gravity are also 
studied in Refs. [28,29].
Except when speciﬁcally stated, the notation we use throughout 
this paper is as follows: Lower case Latin letters a, b, . . . , i, j, . . .
run over 1, 2, 3 and label spatial tangent space coordinates. The 
Greek indices α, β, . . . , μ, ν, . . . run over 1, 2, 3 and refer to the 
spatial spacetime coordinates. The letter I refers to 5D tangent 
space indices. The rest of the upper case Latin Letters M, N, R, L
refer to 5D coordinate space indices.
2. Geometry perturbations
So far no trace of ﬁfth dimension has been observed on the 
brane, therefore one can consider it separate from other dimen-
sions. This will give the 5D spacetime, the layered structure [24]. 
Therefore the 5D tangent coordinate system eˆ I = (eˆi, ˆe5¯) can be 
written as
eˆM = eiMeˆi + e5¯Meˆ5¯ (8)
Here the ﬁrst four vectors deﬁne the coordinate system on the 
layer and the ﬁfth dimension can be chosen to be normal to the 
other four dimensions. The above orthogonality condition leads us 
to the point that the expansion of eˆ5¯ cannot contains any of 4D eˆi
vectors. Then we have
eˆμ = eiμeˆi + e5¯μeˆ5¯ eˆ5¯ = e5¯5eˆ5¯ (9)
So the general form of pentad and inverse pentad respectively are
eI M =
(
eiμ 0
e5¯μ e5¯5
)
and
hI
M =
(
hiμ h5¯
μ
0 h5
5¯
)
Where e5¯5e
5¯
5 = 1 and eiμhi5 + e5¯μh5¯5 = 0 are also satisﬁed. The 
capital Latin letters indices are 5 dimensional and small Latin and 
Greek letter run as 0, 1, 2, 3.
Considering the 5D Anti de Sitter background and a 4D FRW 
brane with ﬂat spatial part. The nonzero unperturbed pentads will 
be
e00 = n, e55 = 1, eiα = aδiα (10)
Here the Latin and Greek indices are spatial and the overline in-
dices refer to the tangent space coordinates. The nonzero unper-
turbed Weitzenböck connections are
000 = n˙
n
, αβ0 = a˙
a
δαβ , 
0
05 = n
′
n
, αβ5 = a
′
a
δαβ
(11)
To perturb the geometry of the case, one needs to perturb the 
pentads. Unlike general relativity which has metrics as dynamical 
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65 130variable, here pentads are our dynamical variables. By using the or-
thogonality condition (8), the general form of the perturbed FRW 
pentad can be written as
e0¯0 = n(1+ A), e0¯μ = aCμ, ei0 = aBi,
e0¯5 = 0, e5¯0 = nα, e5¯μ = aFμ,
ei5 = 0, e5¯5 = 1+ ϕ, eiμ = a(δiμ + Diμ) (12)
And the inverse pentads are
h0¯
0 = 1
n
(1− A), h0¯μ = −
a
n
Bμ, hi
0 = −a
n
Ci,
h0¯
5 = −α, h5¯0 = 0, h5¯μ = 0,
hi
5 = −Fi, h5¯5 = 1− ϕ, hiμ =
1
a
(δ
μ
i − Dμi) (13)
where A, ϕ and α are scalar perturbations and Cμ , Bi , Fμ , and 
Diμ are vector perturbations and along with scalar ones depend 
on coordinates (τ , xα , y). τ is the conformal time parameter and 
y is the coordinate of ﬁfth dimension. Note that here we don’t 
have tensorial perturbations since pentad unlike metric is a vec-
tor and cannot be perturbed tonsorially. The torsion, Contorsion, 
superpotential and torsion scalar of the above pentad is given in 
Appendix A. The calculations have been done up to the ﬁrst order 
of perturbations.
To have the gauge invariant geometry, the Lie derivative of the 
added perturbation ﬁelds should stay invariant under following co-
ordinate transformations
xμ → x˜μ = xμ + ξμ, ξa = (T , Lα, Y ) (14)
In the language of teleparallel gravity, the Lie derivative of the pen-
tad is
δeI M = eI N∇MξN (15)
This important result was ﬁrst derived in [31] (see also [32]) and 
is usually called the ‘Stewart lemma’ in the literature.
Using the mentioned Stewart lemma, we can calculate the 
change in the pentad perturbation parameters under the gauge 
transformation as
A = T˙ + n˙
n
T (16)
Cμ = n
a
DμT (17)
Bi = L˙i + a˙
a
Li (18)
Fμ = 1
a
DμY (19)
Diμ = DμLi (20)
 = Y ′ (21)
α = 1
n
Y˙ (22)
where a dot denotes differentiation with respect to proper time 
and a prime denotes differentiation with respect to ﬁfth dimen-
sion. To consider only the scalar perturbations, we deﬁne the scalar 
part of the vector perturbations as
Bi = Di B Cμ = DμC Fμ = DμF Dμμ = D (23)
Then the transformations of scalar perturbations areA → A + T˙ + n˙
n
T (24)
B → B + L˙ + a˙
a
L (25)
C → C + n
a
T (26)
F → F + 1
a
Y (27)
D → D + L (28)
 →  + Y ′ (29)
α → α + 1
n
Y˙ (30)
It turns out then that the theory is not gauge invariant. To make 
it invariant we repeat Bardeen’s method. We deﬁne new ﬁelds out 
of above old ones in a way that they stay invariant under (14).
1 = B − D˙ − a˙
a
D (31)
2 = A − a
n
C˙ − a˙
n
C (32)
3 =  − a′F − aF ′ (33)
4 = α − a
n
F˙ + a˙
n
F (34)
These geometric objects, built from the pentad perturbation 
variables, clearly remain invariant under the gauge transformation 
(16). Comparing with the obtained potential in 5D RS setup in gen-
eral relativity, one can easily ﬁnd the above potentials are different 
from the ones derived in general relativity [9].
3. Matter perturbation
We repeat the same calculations for the matter perturbations. 
In RS model of brane-world, matter is conﬁned to the brane and 
bulk can be chosen to contain only a 5D cosmological constant. We 
consider the matter on the brane to be a perfect ﬂuid (−ρ, p, p, p).
We can generally perturb the energy–momentum as
δT 00 = −ρδρ, δT 0α = qα, T βα = pδpδβα + pπβα (35)
Where δρ and δp are scalars, qα is vector and π
β
α is purely tensor 
(παα = 0).
Under a 4D coordinate transformation, the perturbed energy–
momentum tensor will transform like
δρ → δρ + ρˆT + 2T˙ (36)
qα → qα + p(L˙α + a˙
a
Lα) − ρDαT (37)
δp → δp + pˆT − a˙
a
T + 2
3
DαL
α (38)
παβ → παβ + 2D(αLβ) − 23γαβDδL
δ (39)
Considering again only the scalar parts, we have qα = Dαq, παβ =
αβπ and Lα = Dα L then
δρ → δρ + ρˆT + 2T˙ (40)
q → q + p(L˙ + a˙
a
L) − ρT (41)
δp → δp + pˆT − a˙
a
T + 2
3
L (42)
π → π + 2L (43)
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65 130Where ρˆ denotes ρ˙ρ and pˆ denotes 
p˙
p . Similar to geometry po-
tentials one can make matter potential in a way that they stay 
invariant under above transformations. The gauge invariant matter 
potentials then are
ρ = δρ − 2A − a
n
(ρˆ − 2 n˙
n
)C (44)
q = q − pB + a
n
ρC (45)
p = δp − a
n
(pˆ − a˙
a
)C − 2
3
D (46)
π = π − 2D (47)
4. Gauge invariant 5D ﬁeld equations
The gravitational action in TEGR is
I = 1
16πG
∫
d5x |e| T (48)
Where |e| is the determinant of the pentad eIM . The ﬁeld equa-
tions then can be obtained by variation of (48) with respect to the 
pentad
e−1∂M(eeI R SRMN) − eI N T RML SR LM + 1
4
eI
N T
= 4πGeRI (−5 + δ(y)SR N) (49)
Where 5 is the bulk cosmological constant. Here I refers to 
5D tangent space and the rest refer to 5D coordinate space and 
SR N = (−ρ, p, p, p, 0) is the matter which is localized on the 
brane. Various components of the left-hand side of the perturbed 
5D teleparallel ﬁeld equation (49) is given in Appendix B.
Brane is a 4D hypersurface which divides the 5D bulk in two 
regions. The two sides of this hypersurface are connected via the 
junction conditions. The junction conditions for the TEGR set-up of 
RS model have been derived in [26] as
eI
R [SRMN ]nM = 4πG S I N (50)
where nM is the unit vector normal to the brane and can be chosen 
to be (0, 0, 0, 0, 1). Writing (50) in components, we have
(I = 0,N = 0) :
−3a
′
an
(1− 2 − A) − 1
n
D ′ββ = 4πG ρ
n3
(1+ δρ − 3A) (51)
(I = 0,N = α) :
(
a′
2a
+ n
′
2an
− a
′
a2
)Cα + (2a
′
n
+ an
′
2n2
+ a
′
an
− n
′
2n2
)Bα
+ 1
2n
B ′α − 1
2a
C ′α + a˙
2na2
Fα + 1
2na
F˙α − 1
2a2
∂αα
= 4πG
(
− ( P
an
+ ρ
n3
)Bα + ρ
an2
Cα + 1
na2
qα
)
(52)
(I = a,N = 0) :
− 1
2an
∂aα + 5a˙
2an2
Fa + 1
2n2
F˙a + ( n
′
2n2
+ 5a
′
2n
)Ca
+ 1
2n
C ′a
n′a
2n3
(a − 1)Ba − a
2n2
B ′a
= 4πG
( P
2
Ba − ( p2 +
ρa
3
)Ca − 12 qa
)
(53)an a n n an(I = a,N = α) :
−1
a
∂ [α Fa] + 1
a
(D ′(αa) − δαa D ′ββ) +
1
a
(
2a′
a
+ n
′
n
)Dαa
− 1
a
A′δαa + (
4a′
a2
+ 2n
′
an
)δαa −
2a˙
a2n
αδαa − (
2a′
a2
+ n
′
an
)δαa
= 4πG 1
a3
(
p(1+ δp)δαa + pπaα − p(Daα + 2Dαα)
)
(54)
(I = 5,N = 0) :
1
n2
(
∂αB
α − ∂0Dαα
)
− 3a˙
an2
(1− 2A − ) + 3a
′
an
α = 0 (55)
(I = 5,N = α) :
− 1
a2
∂α A − 2
a2
∂ [αDββ] − 3a˙
an2
Bα + ( 4a˙
a2n
− a˙
an
)Cα
+ 1
na
C˙α + (4a
′
a2
+ n
′
an
)Fα − 2
a2
∂α + 2
a
F ′α = 0 (56)
Note that the left hand sides of the above equations should be 
evaluated at the position of the brane. Using the background ﬁeld 
equations and the deﬁnition of geometric and matter potentials 
(31)–(34) and (44)–(47), we can rewrite various components of the 
ﬁeld equation (49) in terms of gauge invariant variables. The result 
for the fully Gauge invariant ﬁeld equations are as follows
(I = a,N = α) :
1
a
[
∂a∂
α(
1
a2
1 + 2a˙
an2
2) − ∇2( 1
a2
1 + 2a˙
an2
2)δ
α
a )
]
+ 1
2n3a
˙1δ
α
a −
a˙n′
a2n2
4δ
α
a −
4a′n′
a2n
3δ
α
a −
2a˙
a2n3
˙2δ
α
a
+ n˙
2n4
(
(¨1 + ¨3)δαa
)
+ 1
2a
(
( ′′1 +  ′′2 )δαa
)
a′
a2
(
( ′1 +  ′2)δαa
)
+ a
′
a2n
 ′3δαa −
a˙
a2n
 ′4δαa = 0 (57)
(I = a,N = 5) :
a˙
2a2n
∂a˙4 − 3a˙
2a2
∂a2 − 3
2
a′
a2
∂a1
+ (3a
′n′
4n3
+ an˙
′
4n3
− an˙n
′
2n2
)∂a˙1
+ (−5a
′2
2a3
− 2n
′a′
a2n
+ 3a˙
2
2a2n2
)∂a4 = 0 (58)
(I = 5,N = α) :
−( a
′
a2
+ n
′
a2n
)∂α3 + ( a
′
2a2
+ n
′
2a2n
)∂α2
− 1
a2
∂α ′3 +
1
2a2
∂α ′2 +
1
4a2n
∂α˙4 + a˙
a3n
∂α4 = 0 (59)
(I = 5,N = 5) :
1
a2
∇2(3 + 1
2
2) + ( n˙
an3
− 3a˙
2an2
)˙1 + 3a˙
2
2a2n2
2 = 0 (60)
(I = a,N = 0) :
a2
2n
∂a1 + (a
′a
2
+ n
′a2
2n
)∂a4 − a
′
2a2n
 ′4
+ 3a˙
2
∂a3 + aa˙ ∂a1 = 0 (61)
2a n n
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65 130(I = 5,N = 0) :
− 1
4a2n
∇24 − a˙
an2
3 + 1
2an2
∇2q
+ ( 3a
′
2n2
+ 2n
′
2n3
) ′1 = 0 (62)
(I = 0,N = 0) :
(
5a˙
4a2n2
− a˙
2an3
)∇22 − 2a˙
an3
2 + 3( a
′2
a2n
+ 2a
′n′
an2
)3
+ ( a˙n
′
an3
− 3a
′a˙
a2n2
− 3n
′a˙
2an2
)4 + 3a
′n′
2na2
1
+ (1+ 3a
′
na
) ′1 = 0 (63)
(I = 0,N = α) :
1
na3
∂α( ′3 + (
n′
a2n
+ a
′
a3
)∂α3 − n
′
2an2
∂α4 − 1
2a2
∂α ′2
− ( n
′
2a2n
+ a
′
2a3
)∂α2 = 0 (64)
The ﬁrst four of these equations are dynamical equations and the 
rest act as constraints. This set of equations can be solved for four 
potentials 1, 2, 3 and 4 in the bulk subject to boundary 
conditions provided by the junction conditions (eqs. (51)–(56)). 
The resulting perturbation dynamics is in general different from 
general relativity. One can also bring the junction conditions into 
gauge invariant form. The results are as follows
(I = 0,N = 0) : 3a
′
an
 ′1 +
6a′
an
3 + a
′n˙
an2
2 = 4πG 1
n3
ρ (65)
(I = 0,N = α) : − 1
2a2
∂α4 + n
′
2na
∂a1 = 4πG 1
na2
q (66)
(I = a,N = 0) : 1
2an
∂a4 + 3a
2n′
2n3
∂a2 = 1
an2
∂aq (67)
(I = a,N = α) : 1
a
∂a
′
1δ
α
a −
2a˙
a2n
4δ
α
a
1
a
∂a
′
2 +
4a′
a2
∂a3
= 4πG 1
a3
p∂a(p + π) (68)
The other two junction conditions are constraints on geometric po-
tentials and background pentad variables at the position of the 
brane and we use them to bring the other four equations into 
gauge invariant form. These equation act as boundary conditions 
for the bulk perturbation equations.
5. Conclusion and discussion
Gauge properties and symmetries of the teleparallel theory of 
gravity are essentially different from those of general relativity. As 
a result, one should be careful when deﬁning perturbations in a 
manifold with absolute parallelism. The difference in deﬁnitions 
of perturbations in teleparallel and GR, stems from the fact that 
when working with the Stewart lemma, the Lie derivative is differ-
ent in two theories. Moreover pentad perturbations in teleparallel 
gravity can only contain up to vector modes. These items also im-
plicate the cosmological perturbations in 4D teleparallel set-up. In 
4 dimensions it has been shown that the results arisen by the per-
turbed FRW vierbein are different from the ones by perturbed FRW metric [33]. This may bring out interests to study some cosmolog-
ical issues to ﬁnd out more about the conceptual role of torsion in 
such theories.
The ﬁve dimensional case is more complicated. Because of the 
different junction conditions in this model compared with GR, the 
results obtained on the brane cannot be retrieved by general rel-
ativity set-up. In the issue of inﬂation it has been shown that 
in RS model of TEGR, the inﬂation index grows faster [27]. Con-
sidering these points, studying cosmological perturbations of this 
model could be interesting. In this paper, we presented the fully 
gauge invariant cosmological perturbation equations for scalar per-
turbations in teleparallel gravity by writing down the equations 
in terms of the gauge invariant geometric and matter potentials. 
These potentials are the teleparallel versions of Bardeen’s poten-
tials in ﬁve dimensions. The resulting system of equations can 
be solved to uniquely determine the physical scalar perturbation 
modes. According to the result obtained in this paper, studying the 
cosmological issues in this setup will lead to different conceptual 
interpretations and also observational predictions.
Appendix A
Non-zero components of the torsion
T αβγ = ∂βDαγ − ∂γ Dαβ
T 0αβ = a
n
(
∂αCβ − ∂βCα
)
T 050 = n
′
n
+ A′
T 5αβ = a(∂α Fβ − ∂β Fα)
T 55α = aF ′α − ∂α
T αβ0 = − a˙
a
δαβ + ∂β Bα − D˙αβ
T 00α = ( a˙
n
− a˙a
n
)Cα + a
n
C˙α − ∂α A
T 05α = (a
′
n
− a
′a
n
)Cα + a
n
C ′α
T 5α0 = n∂αα − aF˙α
T 505 = ˙ − nα′
T α50 = (a
′
a
− an
′
n
)Bα + B ′α
T αβ5 = −D ′αβ − a
′
a
δαβ (A.1)
Contorsion
Kβγ α = − 1
a2
∂ [γ Dβα] + 1
a2
∂ [βDγ α] + 1
a2
∂ [βDαγ ]
− 2 a˙
an2
δα
[β Bγ ] + 2 a˙
na2
δα
[βCγ ] + 2a
′
a
δα
[β F γ ]
K 0γ α = − 1
an
∂ [γ Cα] + 1
n2
(
∂(αB
γ ) + a
′n
a
δ
γ
α α
− a˙
a
δ
γ
α (1− 2A) − ∂0D(γ α)
)
K 5γ α = −1
a
∂ [γ Fα] + ( a˙
an
α + a
′
a
− 2a
′
a
)δ
γ
α + D ′(γ α)
K 5 0α = 1
2
[
−1
n
∂αα − a˙
n2
Fα + a
n2
F˙α + (an
′
n2
− aa
′
n
)Cα + a
n
C ′α
+ (a
3n′
3
− n
′a2
3
)Bα − a
2
2
B ′α
]n n n
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65 130Kβγ 0 = − 1
a2
∂ [γ Bβ] + 1
a2
∂0D
[βγ ] − n
a3
∂ [βCγ ]
K 0γ 0 = − 1
a2
∂γ A + ( a˙
2n2a
− a˙
an
+ 3a˙
2a2n
)Cγ
+ n
′
an
F γ − a˙
an2
Bγ + 1
an
C˙γ
K 5γ 0 = −1
2
[
(
n′
n
+ an
′
n
− 2a
′
a
)Bγ − B ′γ
+ (2a
′n
a2
− n
′
a
− a
′n
a
)Cγ + n
a
C ′γ
+ n
a2
∂γ α − a˙
a2
F γ − 1
a
F˙ γ
]
K 5 00 = n
′
n
(1− 2) + A′
Kβγ 5 = 1
a2
D ′[βγ ] + 1
a3
∂ [β F γ ]
K 0γ 5 = 1
2
( 1
an
C ′γ + ( n
′
n3
− an
′
n3
)Bγ
+ 1
n2
B ′γ − ( n
′
an2
− a
′
na2
)Cγ
)
− 1
2
a˙
a2n2
F γ + 1
2a2n
∂γ α − 1
2an2
F˙ γ
K 5γ 5 = − 1
a2
∂γ  + a
′
a2
F γ + 1
a
F ′γ
K 5 05 = ˙
n2
− α
′
n
− n
′α
n2
(A.2)
Superpotential
Sα
βγ = − 1
a2
∂ [γ Dβα] + 1
a2
∂ [βDγ α] + 1
2a2
∂ [βDαγ ]
− ( 3a˙
na2
− a˙
an
)δα
[βCγ ] + 1
a2
δα
[β∂γ ]A + 1
a2
δα
[β∂γ ]
+ 1
a2
δ
β
α∂
[γ Dηη] − 1
a2
δ
γ
α ∂
[βDηη] − 1
na
δα
[β C˙γ ]
+ 2a˙
an2
δα
[β Bγ ] − (2a
′
a2
+ n
′
an
)δα
[β F γ ] − 1
a
δα
[β F ′γ ]
Sα
0γ = 1
2
[
− 1
an
∂ [γ Cα] + 1
n2
(∂(αB
γ ) − δγα ∂ηBη)
− 1
n2
(∂0D
(γ
α) − δγα ∂0Dββ)
+
( 2a˙
an2
(1− 2A) + ˙
n2
− α
n
(
2a′
a
+ n
′
n
) − α
′
n
)
δ
γ
α
]
Sα
5γ = − 1
2a
∂ [γ Fα] + 1
2
(D ′(γ α) − δγα D ′ββ)
− 1
2
(2a′
a
+ n
′
n
+ A′ + 2a˙
an
α − (4a
′
a
+ 2n
′
n
)
)
δ
γ
α
S5
5 0 = − 1
2n2
[
−∂ηBη + ∂0Dηη + 3 a˙
a
(1− 2A)
]
+ 3a
′
2an
α
S0
0γ = 1
2
[
(
a˙
2an2
− 5a˙
2a2n
)Cγ − 3a
′
a2
F γ + 2a˙
an2
Bγ + 2
a2
∂ [γ Dηη]
]
S0
5 0 = −1
2
(
3a′
a
(1− 2) + D ′αα − 3a˙
an
α)S5
γ 5 = 1
2a2
(∂γ A + 2∂ [γ Dαα]) + 3a˙
2an2
Bγ
− ( 2a˙
a2n
− a˙
2an
)Cγ − 1
2na
C˙γ
− (2a
′
a2
+ n
′
2an
)F γ + 1
a2
∂γ  − 1
a
F ′γ
Sα
5 0 = 1
2
K 5 0α
S0
βγ = 1
2
Kβγ 0
S0
5γ = 1
2
K 5γ 0
S5
βγ = 1
2
Kβγ 5
S5
0γ = 1
2
K 0γ 5 (A.3)
Torsion scalar
T = 6a˙
2
a2n2
− 6a
′
a
(
a′
a
+ n
′
n
) − 4a˙
an2
(∂αB
α − ∂0Dαα) − 12a˙
2
a2n2
A
− 6a˙
a
(
2a′
an
− n
′
n2
)α − 6a˙
an
α′ + 6a˙
an2
˙
− (4a
′
a
+ 2n
′
n
)D ′αα + 12a
′
a
(
a′
a
+ n
′
n
) − 6a
′
a
A′ (A.4)
Appendix B
In this appendix we present the left hand side of the perturbed 
teleparallel ﬁeld equations in full.
Fαa =
1
a
[
∂β
(
1
a2
∂ [βDαa] − 1
a2
∂ [αDβa] + 1
2a2
∂ [βDaα]
− ( 3a˙
a2n
− a˙
an
)δ
[β
a C
α] − (2a
′
a2
+ n
′
na
)δ
[β
a F
α] − 1
a
δ
[β
a F
′α]
+ 1
a2
δ
[β
a ∂
α]A + 1
a2
δ
[β
a ∂
α] + 1
a2
δa
β∂ [αDγ γ ]
− 1
a2
δa
α∂ [βDγ γ ] − 1
a
δ
[β
a C˙
α] + 2a˙
an2
δ
[β
a B
α]
)]
+ 1
a3n2
∂0
[
−a
2
∂ [αCa] + a
2
2n
(∂(aB
α) − δαa ∂β Bβ) +
a˙a
n
Dαa
+ a˙a
n
(1− 2A)δαa −
a2
2
(
2a′
a
+ n
′
n
)αδαa
− a
2
2n
(∂0D
[α
a] − δαa ∂0Dββ) + (
a2
2n
˙ − a
2
2
α′)δαa
]
+ a˙
a2n2
δαa ∂0(A +  + |D|)
+ 1
a3n
∂5
[
−an
2
∂ [α Fa] + a
2n
2
(D ′(αa) − δαa D ′ββ)
+ a2n(a
′
a
+ n
′
2n
)Dαa − (aa˙α + a′nα + a
2n′
2
− 2aa′n
− a2n′ + a
2n
2
A′)δαa
]
− ( a
′
a2
+ n
′
2an
)δαa ∂5(A +  + |D|)
+ 5 (− a˙
2
3 2
+ a
′2
3
+ a
′n′
2
)Dαa
2 a n a a n
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2a2n2
(
2∂aB
α − ∂(aBα) + 3δαa ∂β Bβ
− 2∂0Dαa + ∂0D(αa) − 3δαa ∂0Dββ)
)
+
(
5
2
a˙2
a3n2
− 5a˙
2
a3n2
A − 5a
′a˙
a3n
α − 5a
′2
2a3
− 2a
′n′
a2n
+ 5a
′2
a3
 + 4a
′n′
a2n
 − 2a
′
a2
A′
− 3a
′
2a2
D ′ββ + a˙n
′
a2n2
α − 2a˙
a2n
α′ + a˙
a2n2
˙
)
δαa
− a˙
2a3n
∂ [αCa] − a
′
2a3
∂ [α Fa] − n
′
2na
D ′ββδαa (B.1)
F 0
0¯
= ∂β
[
− 1
2n
(
a˙
2an2
− 5a˙
2a2n
)Cβ − 1
2a2n
∂ [βDγ γ ] + 3a
′
2a2n
F β
]
− 3a
′
2an
∂5(A +  + |D|)
+ 1
a3n
∂5
(
a3
2
D ′ββ − 3a
′a2
2
(1− 2) + 3a
′a2
2
A
)
+ 5
2
a˙2
a2n3
− 3a
′n′2
an2
− 3a
′
2na
A′ − (n
′
n
+ a
′
an
)D ′ββ
− ( 9a˙
2
2a2n3
− 3a
′2
2a2n
)A + 3( a
′2
a2n
+ 2a
′n′
an2
)
− 2a˙
an3
(∂β B
β − ∂0Dββ) + ( a˙n
′
an3
− 3a
′a˙
a2n2
− 3n
′a˙
2an2
)α
− a˙
2an3
(7nα′ + ˙) (B.2)
F 0
5¯
= ∂β
[
− 1
4an
C ′β + 1
4
(
an′
n3
− n
′
n3
)Bβ − 1
4n2
B ′β
+ 1
4
(
n′
an2
− a
′
na2
)Cβ + a˙
4a2n2
F β − 1
4a2n
α + 1
4an2
F˙ β
]
− 3a˙
2an2
∂5(A +  + |D|) + a˙a
′
a2n2
(1− 2A)
+ 1
a3n
∂5
[
a3
2n
(∂β B
β − ∂0Dββ) − 3a˙a
2
2n
(1− 2A)
+ 3a
′a2
2
α + 3a˙a
2
2n

]
− a
′
2an
(
2a′
a
+ n
′
n
)α
+ a
′
2an2
˙ − a
′
2an
α′ − a˙
an2
(D ′αα + ) (B.3)
F 0a = ∂β
[
a
2
∂ [βCa] + a
2
2n
(∂(aB
β) − δβa ∂γ Bγ ) − a
2
2n
˙δ
β
a
+ a
2
2n
(∂0D
(β
a) − δβa ∂0Dγ γ )
− a˙a
n
(1− 2A)δβa + (a
′a
2
+ n
′a2
2n
)αδ
β
a + a
2
2n
α′δβa
]− a˙a
n
∂a( + A + |D|)
+ 1
a3n
∂5
[
−a
2
4
∂aα + a
3
4n
F˙a + (a
3n′
4n
+ 5a
′a3
4
)Ca + a
3
4
C ′a
+ 5a˙a
2
4n
Fa − a
4
4n
B ′a +
a4n′
4n2
(a − 1)Ba
]
− 2a˙
a2n2
∂ [γ Dγ a]
+ (− 9a˙
2
2an3
− 3a
′2
a2n
+ 11a
′2
4an
+ a
′n′
4an2
+ 3a
′n′
2n2
)Ca
+ 3a˙
2a2n2
∂a − 13a˙a
′
4a2n2
Fa − 3a˙
2an2
F ′a +
a′
4an2
F˙a − 5
4
a′
an
C ′a
+ a
′n′
4n3
(a − 1)Ba − a
′
4a2n
∂iα − a
′
4n2
B ′a (B.4)
F 5
5¯
= ∂β
[
−(2a
′
a2
+ n
′
2an
)F β + 1
a2
∂β − 1
a
F ′β + 1
a2
∂ [βDγ γ ]
+ 1
2a2
∂β A + 3a˙
2an2
Bβ − ( 2a˙
a2n
− a˙
2an
)Cβ − 1
2an
C˙β
]
+ 3a˙
2an2
∂0(A +  + |D|)
+ 1
a3n
∂0
[
− a
3
2n
(∂β B
β − ∂0Dγ γ )
+ 3a˙a
2
2n
(1− A − ) − 3a
′a2
2
α
]
− 5a
′2
2a2
− 7a
′n′
2an
− 7a
′
2a
A′ − (3a
′
2a
+ n
′
n
)D ′γ γ + 3a˙
an2
˙
+ 3a˙
2
2a2n2
− 3a˙
an
α′ − a˙
an2
(∂β B
β − ∂0Dγ γ )
+ (5a
′2
2a2
+ a
′n′
2an
+ 3a˙
2
2a2n2
) + ( 3a˙a
′
2an2
− 4a˙a
′
a2n
)α (B.5)
F 5a = (
a′
a2
+ n
′
2na
)∂a( + A + |D|)
+ ∂β
[
1
2a2
∂ [β Fa] − 1
2a
(D ′(βa) − δβa D ′γ γ )
+
( a′
a2
+ n
′
2an
+ 1
2a
A′ − (2a
′
a2
+ n
′
an
) + a˙
a2n2
α
)
δ
β
a
− 1
2a
(
2a′
a
+ n
′
n
)Dβa
]
+ 1
a3n
∂0
[
−5a
2a˙
4n
Fa − a
3
4n
F˙a − (a
3n′
4n
− 5a
′a3
4
)Ca
− a
3
4
C ′a −
a4n′
4n2
(a − 1)Ba − a
4
4n
B ′a +
a2
4
∂aα
]
+ (2a
′
a2
+ n
′
an
)∂ [βDβa] + 3a
′
2an
C˙a − 3a
′
2a2
∂a A − a˙
4an
C ′a
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]
)+ a˙n
′
4n3
(a − 1)Ba + a˙
4n2
B ′a + (
5a′2
2a2
+ 7a
′n′
2an
− 5a˙
2
4a2n2
)Fa
− 5a˙
4a2n
∂aα + 5a˙
4an2
F˙a
+
(
−3a˙a
′
4an
+ a˙n
′
2n2
+ 3a
′a˙
a2n
− a˙n
′
4an2
)
Ca (B.6)
Fα
5¯
= ∂β
[
1
2a3
∂ [β Fα] + 1
2a2
D ′[βα]
]
+ 1
a3n
∂5
[
an
2
∂α A − an∂ [αDββ
− 3a˙a
2
2n
Bα − an∂α + (2a˙a − a˙a
2
2
)Cα + a
2
2
C˙α
+ (2a′an + a
2n′
2
)Fα + a2nF ′α
]
+ 1
a3n
∂0
[
a2
4
C ′α + (a
3n′
4n2
− a
4n′
4n2
)Bα + a
3
4n
B ′α
− (a
2n′
4n
− a
′a
4
)Cα − a˙a
4n
Fα − a
2
4n
F˙α + a
4
∂αα
]
− a˙a
′
a2n2
Bα + ( a
′
a3
− n
′
a2n
)∂ [αDββ] − a˙
an2
B ′α
− ( a˙n
′
4an3
− 5a˙n
′
4a2n2
)Cα + 3a
′n′
2na2
Fα (B.7
Fα
0¯
= ∂β
[
− 1
2na2
(∂ [αBβ] − ∂0D[βα]) − 1
2a3
∂ [βCα]
]
+ 1
a3n
∂0
[
a˙a2
n2
(1− a)Bα + ( a˙a
2
4n2
− 5a˙a
4n
)Cα
− 3aa
′
2
Fα + a∂ [αDββ]
]
+ 1
a3n
∂5
[
(a′a3 + n
′a4
2n
− 3a˙a
n
)Bα + (2a˙a − a˙a
2
2
)Cα
+ a
2
2
C˙α − an∂α − an
2
∂α A + (2a′an + a
2n′
2
)Fα
+ a2nF ′α − an∂ [αDββ]
]
+ 3a˙
2na3
∂ [αDββ] − a
′
an
B ′α
− n
′
2a2n
∂αα + n
′
2an2
F˙α + n
′a˙
2n2a3
Fα − n
′
2an
C ′α
+
(
− n
′2
2n3
− 5a˙
2an3
+ 5a
′2
2an
+ 2a
′n′
n2
− a
′2
a2n
+ n
′a′
2an2
+ an
′2
2n3
)
Bα (B.8)
where |D| is the determinant of Diμ .References
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